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Abstract

We use a new approach which simulates the idea of Bayesian method with a
difference. In traditional Bayesian method one considers a prior distribution, may be a
conjugate one, which is centered at super parameters. Our method of data
augmentation is supposed to help for small samples or cases where a very few
observations are available. We use prior distributions, centered at the given
observations ( calling them to be super parameters ), to generate a larger artificial
dataset which may be termed as second generation dataset. This larger second
generation dataset is then used to draw inferences. The powerful computers, coupled
with suitable numerical algorithms, caused an increased interest in nonlinear
models (such as neural networks) as well as the creation of new types, such
as generalized linear models and multilevel models. Increased computing power has
also led to the growing popularity of computationally intensive methods based
on resampling, such as permutation tests and the bootstrap, while techniques such
as Gibbs sampling have made use of Bayesian models more feasible.
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Introduction

Increased computing power has also led to the growing popularity of
computationally intensive methods based on resampling, such as permutation tests,
the EM algorithm ( see Dempster, Laird and Rubin (1997 ) ), and the bootstrap ( see
Efron (11982 ) ), while techniques such as Gibbs sampling ( see Casella and George
(11992 ) ) have made use of Bayesian models more feasible. To use a sample as a
guide to an entire population, it is important that it truly represents the overall
population. Computational resources and availability of affordable computational
facilities have changed the face of research in mathematical sciences including
statistical science. Many theoretical results can now be verified or be motivated with
the help of simulation and/or numerical computations before they are proved
analytically. The purpose of this note is also to propose a simple technique with the
help of computational resources which can enable to understand a small dataset with
more clarity.

Both methods, the bootstrap and the jackknife, estimate the variability of a
statistic from the variability of that statistic between subsamples, rather than from
parametric assumptions. For the more general jackknife, the delete-m observations
jackknife, the bootstrap can be seen as a random approximation of it. Both yield
similar numerical results, which is why each can be seen as approximation to the
other. Although there are huge theoretical differences in their mathematical insights,
the main practical difference for statistics users is that the bootstrap gives different
results when repeated on the same data, whereas the jackknife gives exactly the same
result each time. The bootstrap is preferred (e.g., studies in physics, economics,
biological sciences).

Usually the jackknife is easier to apply to complex sampling schemes than the
bootstrap. Complex sampling schemes may involve stratification, multiple stages
(clustering), varying sampling weights (non-response adjustments, calibration,
post-stratification) and under unequal-probability sampling designs. The bootstrap
estimate of model prediction bias is more precise than jackknife estimates with linear
models such as linear discriminant function or multiple regression.

The idea of our proposed technique is very simple, and borrows the idea of
standard Bayesian method. It has a flavor of parametric bootstrap since the
technique is built up on a parametric model for the idea, and the dataset has been used
twice. In a nutshell the proposed technique is described as follows. Assume we
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have iid observations X, X,,..., X, from adistribution f(x|8). Whennis large,

efficient inferences on @ is possible with the help of classical methods. But when
n is small ( very small ) then one may seek the help of other methods notably the
Bayesian one. In such a case one assumes a suitable prior distribution & ~ 7z(6),

often a conjugate one, to draw inferences on 6. What we are proposing here is that
given the original dataset (X,, X,,..., X,), call it first stage observations, generate

the augmented dataset or the second stage dataset X; (j=1,2,..., m;i=1,2, ...,

n)as X, iid f([x),j=12 ..., m,.

Once this is done, then draw the inferences

on @ based on X;(l<j<m;l<i<n) with a new sample size

m=m, +m, +...+m_ which can be made much larger than the original sample size n.
Computer-intensive resampling/bootstrap methods are feasible when calculating
reference intervals from non-Gaussian or small reference samples. Parametric
methods are preferable to resampling methods when the distributions of observations
in the reference samples is Gaussian or can transformed to that distribution even when
the number of reference samples is less than 120. Resampling methods are
appropriate when the distribution of data from the reference samples is non-Gaussian
and in case the number of reference individuals and corresponding samples are in the
order of 40. At least 500-1000 random samples with replacement should be taken
from the results of measurement of the reference samples.

In the following section we describe the above mentioned method for the logistic
distribution.  This is still an ongoing work and we hope to expand it for other
distributions as well.

Logistic Distribution

Now let us consider the logistic model where X, X,,..., X, are iid logistic( 1,
o) with

,—0< u<w,0>0.

After observing x;'s, the second stage observations are generated as
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X Xpgsm0+y Xy did. Logistic(X,);

Xops Koo X Tid . Logistic (X );

As a demonstration, we generate n = 15 iid observations from logistic(0,1)
distribution (taking p =0, o =1). The following figure gives the pdf curve
superimposed on the relative frequency histogram of the original sample.
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Figure 2. 1. Histogram of the Logistic data with n = 15.

As a demonstration, we generate n = 15 iid observations from logistic(0,1)
distribution (taking «2 =0, 0 =1). The above figure gives the pdf curve superimposed
on the relative frequency histogram of the original sample.

Using m=m,=...=m,=10=m, (say) = 10, we now generate
m=nm, =150 second stage observations from the above first stage observations.
The following diagram shows the relative histogram
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Figure 2. 2. Histogram of the Logistic data with n = 120.

A modified sampling scheme can be used where m,'s can be chosen suitably.

Since the model is positively skewed, we’ll give more emphasis on the smaller
observations which have higher probabilities to appear. So, first order the

observations X, <X, <---<X,,. Then take m; proportional to (n + 1 -1i).
For instance, take (n+ 1-1i);ie., m=15 m,=14, ..., m =1, and m = 120.
So, generate X, X;,,---, Xy, iid Logistic(X;)). Thus the second stage sample

size is m = 120 and the following figure shows the relative histograms.
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Figure 2. 3. Histogram of the Logistic data with n = 150.
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Remark 2.1. If n = 2k, then the second stage sampling scheme can be modified

accordingly. The sample median is then (X, + X, ;,)/2. One can take m; oc 1

I(| (k+1/2)-i |+1), 1<i<n.

Remark 2. 2. How do we estimate & with the second stage data ?

Note that with the above modified sampling scheme. ~ X;,,---, X;,, are iid Exp(X;).

im;

Therefore, Xi =2 % | X4 follows  Gamma (Xy,M;) with  pdf
j=1

-1

(X ™ 1T(m; ) exp(—X X)X So, from the first stage data, we have the second

stage sufficient statistic ( X, X,,--, X ). X;~ Exp (), X |X ~

Gamma

(Xi,mi) . SO, JOlntIy (Xi'Xi.)~ pdf (&(imi /F(mi))exp{_ Xi (9+Xi.)}xi,mi71 .
Therefore, marginally, x, follows g,(x,)=mx. "*0@+x) ™" . Using g(x)

as likelihood for each X, , one can get the joint likelihood as L, =f[lgg(xi_), called

the likelihood of the augmented data. The value of & which maximizes L, ( or

InL,) is denoted by 6,) which satisfies the equation

N = ézn:(mi+1)/(é+xi.). L(2.1)

i=1
In the following we observe the bias and SE of the above 9(2) along with those of

0, here 9(1) = (1/X) = the MLE of @ based on the original sample. Using N =

10*, we compute
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SE(6) z\/Z(e(gy—e(g)Z/N ; SE(6) z\/Z(e(g;)—e(g;)Z/N ;
j=1 j=1

The computed values are

B(6,,,) = 0.00153071 ; B(0,) = -0.628425 ;

SE(,,,) = 0.2389213 ; SE(,,) = 0.1789137 .

Conclusions and Further Applications

In this study we proposed the method of standard Bayesian technique with a
difference. It has a flavor of parametric bootstrap since the technique is built up on a
parametric model for the idea, and the dataset has been used twice which can be made
much larger than the original sample size n. Our approach of data augmentation is
supposed to help for small samples or cases where a very few observations are
available. We use some computational resources, and may be useful in applied
problems. The method is dependent on computational resources, and may be useful in
applied statistical problems, and powerful computers, coupled with suitable
numerical algorithms, caused an increased interest in nonlinear models (such as neural
networks) as well as the creation of new types, such asgeneralized linear
models and multilevel models. Increased computing power has also led to the
growing popularity of computationally intensive methods based on resampling, such
as permutation tests and the bootstrap, while techniques such as Gibbs sampling have
made use of Bayesian models more feasible. The computer revolution has
implications for the future of statistics with a new emphasis on "experimental™ and
"empirical™ statistics. Bootstrapping is where you sample a value from a population of
data and then replace that value before drawing another value. If your data has rare
extreme values, bootstrapping will undervalue these observations. If these extreme
values are partly a result of mistakes, then this might be good. If these are a true part
of the underlying distribution then this will be bad because it will underestimate the
variability in the underlying population. Randomization is where you withdraw values
from a population of data without replacement. If one uses all of the data, then the
rare original observations will be as common in each randomization as they were in
the original data. In the future, we can use the proposed method for Laplace and
Pareto distributions.
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